The classical Erdős-Szekeres theorem states that a convex k-gon exists in every sufficiently large point set. This problem has been well studied and finding tight asymptotic bounds is considered a challenging open problem. Several variants of the Erdős-Szekeres problem have been posed and studied in the last two decades. The well studied variants include the empty convex k-gon problem, convex k-gon with specified number of interior points and the chromatic variant.
Introduction
The Erdős-Szekeres problem is defined as follows: For any integer k, k ≥ 3, determine the smallest positive integer N(k) such that any planar point set in general position that has at least N(k) points contains k points that are the vertices of a convex k-gon.
In 1935 Erdős and Szekeres proved the finiteness of N (k) using Ramsey theory [5] . There has been a series of improvements to bound the value of N (k) and the current best known bounds are 2 k−2 + 1 ≤ N (k) ≤ 2k−5 k−2 +1 [4, 12, 18] . Erdős and Szekeres conjectured that the current lower bound is tight. This conjecture has been proved for k ≤ 6. N (4) = 5 was shown by Klein and N (5) = 9 was shown by Kalbfeisch et.al. [11] . N (6) = 17 has been proved by Szekeres and Peters using an combinatorial model of planar configurations [17] . See survey [14, 22] for a detailed description about the history of the problem and its variants.
Erdős asked the empty convex k-gon problem which is defined as follows: For any integer k, k ≥ 3, determine the smallest positive integer H(k) such that any planar point set in general position that has at least H(k) points contains k points that are the vertices of a an empty convex k-gon, i.e., the vertices of a convex k-gon containing no points in its interior.
It is easy to see that H(4) = 5. H(5) = 10 was proved by Harboth [8] . Gerken [7] and Nicholes [15] proved independently the existence of a empty hexagon. The current best bounds on H(6) are 30 ≤ H(6) ≤ 463 [19, 13] . Horton showed that H(k) does not exist for any k, k ≥ 7 [9] .
The Erdős-Szekeres problem has been studied in higher dimensions [5, 4, 20] . Other related variants that are well studied are the convex k-gon with specified number of interior points [1, 2, 6, 10, 21] and the chromatic variant [3, 16] .
We introduce the following two player game variant of Erdős-Szekeres problem:
Consider a two player game where each player playing in alternate turns, place points in the plane. The objective of the game is to avoid the formation of the convex k-gon among the placed points. The game will end when a convex k-gon is formed and the player who placed the last point loses the game.
In the game we assume that each player has infinite computational resources and hence place their points in optimal manner.
Since N (k) is finite, we know that the game will end at N (k) number of steps. Can the game end before N (k) steps? Define N G (k) as the minimum number of steps before the game ends. In this paper we focus on finding the exact value of N G (k). We denote the player who plays first as player 1 and the player who plays second as player 2.
We also consider the two player game for the empty convex k-gon and correspondingly define H G (k). It is easy to see that N G (3) = H G (3) = 3, N G (4) = H G (4) = 5.
Results
In this paper, we focus on the Erdős-Szekeres two player game for k = 5. We show a winning strategy for player 2 and prove that N G (5) = 9 and H G (5) = 9. i.e., the game will end in the 9th step.
We consider convex layer configurations at each step and give a strategy for player 2 such that the game will reach a specific set of configurations until the 8th step and finally we argue in the 9th step that a convex 5-gon or an empty convex 5-gon is formed.
Organization of the paper
Section 2 contains the preliminaries and definitions that we will be using in the rest of the paper. Section 3 describes the proofs that the empty convex 5-gon game and convex 5-gon game ends in 9th step and player 2 wins the game.
Preliminaries and Definitions
We assume in the rest of this paper that our point set P is in general position, i.e., no 3 points of the point set are collinear. We denote the convex hull of a point set P as conv(P ) and the vertices of conv(P ) as CH(P ).
Definition 2.1. Convex k-gon: is a convex polygon with k vertices. Definition 2.2. Empty Convex k-gon: is a convex k-gon with no points in its interior.
Definition 2.3. Points in convex position:
A point set P is said to be in convex position if CH(P ) = P .
Definition 2.4. Type of a point set P:
The type of point set P describes the sizes of the different convex layers of P . We denote P 1 as the first convex layer and P 2 as the second convex layer. Definition 2.5. U(i,j) of point set P: Point set having i points of the first convex layer of P and j points of the second convex layer of P . . O region is the region such that any point in it along with ABCD forms a convex 5-gon. I and Z regions are the regions such that any point in these regions along with ABCD forms a point set of type(4, 1). I region is outside the convex 4-gon and Z region is inside the convex 4-gon. S region is the region such that any point in it along with ABCD forms a point set of type(3, 2).
We define the following set of point configurations that will be used in our proofs (see f igure 4). Overview of our proof and player 2's strategy to win the empty convex 5-gon game and the convex 5-gon game.
In our game, Player 1 plays in the odd steps (1st, 3rd, . . . ) and Player 2 plays in the even steps (2nd, 4th, . . . ). In player 1's turn, we argue that any point added without forming an convex 5-gon or empty convex 5-gon will always result in specific configurations. In player 2's turn we show a feasible region where if the point is placed will result in specific configurations that are favorable for player 2.
We now describe the winning strategy for player 2: Player 2 will place the point in the 4th step such that the resultant point set forms a parallelogram (configuration 4). In the 6th step, we show that there exists a feasible region in both configuration 5.1 and 5.2 where the 6th point is placed, so that it will reach configuration 6.1 or configuration 6.2. Similarly in the 8th step we show that there will exist a feasible region in configuration 7.1 and 7.2 where the 8th point is placed such that the resultant point set is configuration 8.
In player 1's turn we show that any point added by player 1 without forming an convex k-gon or empty convex k-gon results in configuration 5.1 or 5.2 (5th step) and in configuration 7.1 or 7.2 (7th step).
Finally, we argue that any point added to the configuration 8 will result in the formation of a convex 5-gon or empty convex 5-gon and player 2 will always win in the 9th step.
Thus, any convex 5-gon/empty convex 5-gon game follows a path in the game tree shown in f igure 4. The proofs for the convex 5-gon game and the empty convex 5-gon are similar, so we have combined them.
In the odd step (player 1's turn to place the point) the feasible regions that are formed in the convex 5-gon game are a subset of the feasible regions that are formed in the empty convex 5-gon game. This is because the regions which are not covered by the O regions of the convex 4-gons are a subset of the regions which are not covered by the O regions of the empty convex 4-gons. So in the odd step we give the proof for the empty convex 5-gon game and it is sufficient for both the games.
In the even step (player 2's turn to place the point) we give the proof for the convex 5-gon game by showing a feasible region where player 2 places the point and this is sufficient for both the games because a feasible region in the convex 5-gon game is also a feasible region in the empty convex 5-gon game.
In the empty convex 5-gon game, we give a separate proof for point configurations which have a convex 5-gon that is not empty.
Proof for H G (5) = 9 and N G (5) = 9
We make the following observations on the number of points that can contained in type 1 and type 2 beams without forming an empty convex 5-gon. We will assume that the points in the beam are in convex position with the points that form the beam. Thus, if the point set does not contain a convex 5-gon, type 1 beam has atmost 1 point and type 2 beam does not contain any point. If the 5th point, say E, is placed in the interior of the parallelogram i.e., Z region, the resultant point set forms configuration 5.1 (see f igure 6). If E is placed in I region the resultant point set forms configuration 5.2 (see f igure 7). In the 6th step we show a feasible region in configuration 5.1 and configuration 5.2 where a point is added such that the resultant point set formed is either configuration 6.1 or configuration 6.2.
If the 5 point set formed is configuration 5.1, then the 6th point, say F is placed in a triangle (formed by the diagonals of the parallelogram) that is opposite to the triangle that has E such that EF is parallel to AD and this forms configuration 6.1 (see f igure 8).
Now we argue for configuration 5.2. Let us suppose that E has been placed in I 1 region (see f igure 7). The 6th point, say F , is placed in I 8 region such that EF is parallel to AD (see f igure 9). Let us call this as {I 1 , I 8 } point placement. By symmetry {I 2 , I 3 } , {I 4 , I 5 } , {I 6 , I 7 } point placements are similar and they form configuration 6.2. Proof. We consider 2 cases corresponding to configuration 6.1 and configuration 6.2. We denote the regions of configuration 6.1 and 6.2 as O region if it is infeasible (point added in this region forms an empty convex 5-gon) and I, S, Z region if there exists a feasible region in their interior. Figure 11 shows I * only in one I region and Z * in Z region. Symmetrically, there are feasible regions I * in the other I regions and Z * in Z region.
If the point is placed in I * of I k where k = 1, 2, 3, 4 or Z * of Z, the resultant point set is configuration 7.2. If the point is placed in S 1 or S 2 the resultant point set is configuration 7.1. Now we prove that given a set of 7 points in configuration 7.1 or 7.2 there exists a feasible region where a point is added such that the resultant point set is configuration 8. * is feasible region where a point is added and the resultant point set that is formed is configuration 8.
Case 2 (configuration 7.2): Configuration 7.2 is a point set of (4,3) convex layer configuration without a convex 5-gon. First, we give the following characterization of configuration 7.2: An I region or an O region of the inner triangle cannot have more than 1 point (see f igure 13).
Consider an O region. If an O region has 2 points then there is an empty convex 5-gon being formed by these 2 points with the 3 points of the triangle. Hence an O region cannot have more than 1 point. Consider an I region. If an I region has 2 points then no other I region or the adjacent O regions has any points because the 2 points in this I region along with the third point in the I region or in the adjacent O region will form an empty convex 5-gon with the side of the triangle. Thus if an I region has 2 points then the O region that is opposite has to have the other 2 points which leads to the formation of an empty convex 5-gon.
Based on the above constraints, the only possible (4,3) convex layer configuration is (I, I, O, O) (2 points each in different I regions, 2 points each in different O regions).
Let us assume that point G lies in region X 1 . The case when the point G is in X 2 can be argued in a similar fashion (see f igure 16,17). We have 2 cases corresponding to EBG being a anti-clockwise turn or clockwise turn.
Type 1 (when G lies in X 1 and EBG is a anti-clockwise turn): We will show that I * (triangle region bounded by the CG,F A and EA) is a feasible region (see f igure 14). Consider the convex 4-gons of this configuration. The convex 4-gons are either of the type U (2, 2) ,U (1, 3) or U (3, 1).
U ( We call a point set as bad configuration for the convex 5-gon game if the point set has no convex 5-gon and any point added to the point set forms an convex 5-gon. Similarly, we can define bad configuration for the empty convex 5-gon game. Note that the game ends in the ith step only if the point set reached in the i − 1th step is a bad configuration.
We now argue that the game will always reach the 9th step, i.e., there is no possibility for the game to end earlier. To prove this we show that there does not exist point set with 2k points where k = 2, 3 that are bad configurations. We do not consider point set with 2k + 1 points, k = 2, 3, because it is player 2's turn to form such a point set and even though there are such point sets which are bad configurations, player 2 is able to avoid them in the game by ensuring that configuration 5 is reached in the 5th step and configuration 7.1 or configuration 7.2 is reached in the 7th step. By lemma 3.1, 3.3 there exists feasible region to place points and hence these configurations are not bad configurations.
It is easy to see that no point set with 4 points are bad configurations.
Lemma 3.4. There are no point set with 6 points that are bad configurations.
Proof. When the point set contains 6 points it is easy to see that (3, 3) and (4, Proof. The game does not end in the 5th step because no 4 point sets are bad configurations. By lemma 3.1, the game will reach either configuration 6.1 or 6.2. Since all 6 point sets are not bad configurations(lemma 3.4), the game will not end in the 7th step. By lemma 3.2 the game will reach either configuration 7.1 or 7.2. By lemma 3.3, the game will reach configuration 8 and finally since N (5) = 9 the game ends in the 9th step and player 2 wins the game.
We will now show that any point added to configuration 8 forms an empty convex 5-gon and hence the empty convex 5-gon game also ends in the 9th step. First we prove the following lemma. Proof. Let F, G, H, J be the points of CH(P ). Let A, B, C, D be the points of the second convex layer. Let K be the intersection of the diagonals of the convex 4-gon ABCD. Let E be the point inside the convex 4-gon ABCD. The union of beams E : AB, E : BC, E : CD, E : DA contain the points F, G, H, J. Depending upon the position of point E inside the ABCD convex 4-gon the proof is divided into 4 cases.
Case 1: When E is in the triangle ABK (see f igure 29). In this case E : CD beam is covered by the union of AE : CD and EB : CD beams. Therefore any point in the E : CD beam forms an empty convex 5-gon. If E : CD beam does not have any point, one of the 3 type 1 beams E : BC, E : AB, E : DA has atleast 2 points (among F, G, H, J) which forms an empty convex 5-gon.
Case 2: When E is in the triangle KCD (see f igure 30). In this case I 1 , I 2 , I 3 , I 4 , I 5 , I 6 are the only feasible regions outside the ABCD convex 4-gon for the placement of F, G, H, J points. The remaining outer regions are present in the O region of some convex 4-gon and hence not feasible. The E : CD beam contains I 4 , I 5 , I 6 regions. Since E : CD beam is type 1 beam it can have atmost 1 point. Therefore I 1 , I 2 , I 3 regions combined should have 3 points. From the figure we can see that the union of I 1 , I 2 , I 3 regions has 3 points which forms an empty convex 5-gon with the points A, B.
The case where E is in the triangle KBC is symmetrical to the case when it is in triangle ABK. The case where E is in the triangle KAD is symmetrical to the case when it is in triangle KCD. Proof. We consider 2 cases depending on whether the point is added inside EF GH convex 4-gon or outside EF GH convex 4-gon (see f igure 33). The point added lies in I region, S region, Z region or O region of ABCD convex 4-gon. If the point is placed in the O region of ABCD convex 4-gon then there exists an empty convex 5-gon. If point is placed in the S region of ABCD convex 4-gon then it forms a (4,3,2) convex layer configuration which contains an empty convex 5-gon (lemma 3.5). If the point is placed in the I or Z region of the ABCD convex 4-gon then it forms a (4,4,1) convex layer configuration which contains an empty convex 5-gon (lemma 3.6).
Case2: Placing the point outside the EF GH convex 4-gon: By lemma 3.7, the 4 beams AB : F E, BC : GF, DC : GH, AD : HE cover the entire outer region. The added point lies in one of the 4 type 2 beams and forms an empty convex 5-gon. Proof. The game does not end in the 5th step because no 4 point sets are bad configurations. By lemma 3.1, the game will reach either configuration 6.1 or 6.2. Since all 6 point sets are not bad configurations (lemma 3.4), the game will not end in the 7th step. By lemma 3.2 the game will reach either configuration 7.1 or 7.2. By lemma 3.3, the game will reach configuration 8 and finally from lemma 3.8 the game ends in the 9th step and player 2 wins the game.
Conclusion
In our paper we have introduced the two player game variant of Erdős-Szekeres problem and proved that the game ends in the 9th step for the convex 5-gon and empty convex 5-gon game and player 2 wins in both the cases.
One natural question would be to analyze the game for higher values of k i.e. determine N G (k) and H G (k) for k > 5. Our approach will be very tedious for higher values of k as with the increase in the number of points in the point set, the number of point configurations increases exponentially.
We have shown that configuration 8 is a bad configuration for the empty convex 5-gon game. Another natural question is to determine whether there exists bad configurations for k > 5. More specifically, does there exist point configurations with the property that any point added to this configuration forms an empty convex k-gon or convex k-gon for k > 5. A negative result for the above question gives a lower bound for N G (k) and H G (k).
